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CONTRACTIONS ON L;-SPACES

BY
M. A. AKCOGLU AND A. BRUNEL

Abstract. It is shown that a linear contraction on a complex L,-space can be
represented in terms of its linear modulus. This result is then used to give a direct
proof of Chacon’s general ratio ergodic theorem.

1. Introduction. The main purpose of this paper is to obtain a representation
(Theorem 3.1) of a linear contraction on a complex L,-space in terms of its linear
modulus [6]. This result is especially suitable to give a rather transparent proof of a
general ratio ergodic theorem of Chacon (Theorem 4.1) [4], [5] and to obtain some
properties (Theorem 4.2 and Theorem 4.3) of ratio ergodic limits.

The properties of positive contractions and the ergodic theory of these con-
tractions are assumed to be known. The results that are used in this paper, however,
are stated with references. §2 includes many of these results and also some elemen-
tary lemmas. In the next section the representation theorem (Theorem 3.1) is
proved and §4 contains the application of this theorem to the theory of ratio
ergodic limits. Finally the last section is devoted to a different approach to the
results of this paper. Here the main result is a direct proof of Theorem 4.4, which
is a corollary of Theorem 4.3, but, at the same time, implies Theorem 4.1. In this
section, however, many details are omitted, except in the proofs of Lemma 5.6 and
Theorem 5.2, that seem to be of some intrinsic interest.

2. Definitions and preliminaries. Let (X, & n) be a o-finite measure space and
L,=L,(X)=L,(X, %, u), ] Sp=oc0, the usual (complex) Banach spaces. If 4 € #
then y, is the characteristic function of 4 and L,(4) denotes the Banach space of
all L,-functions that vanish a.e. on A°=X—A4; also, L} (A) is the set of all non-
negative L,(A4)-functions.

Let T: L, — L, be a (linear) operator. It is called a positive operator if TL} <L}
and a contraction if |T|<1. If T: L, — L, is a contraction, it is known [6] that
there is then a unique positive contraction =: L, — L, called the linear modulus
of T, so that |Tf| < 7|f| for all fe L, and that rp=sup,, =, |Tg| forall pe L}.

For the remainder of this paper T: L, — L, will denote a contraction on L,, and
7: L, — L, will be its linear modulus. Also, T* and =* will denote the corresponding
adjoint operators on L¥=L,. Note that T* and 7* are contractions on L, and
that 7* is positive.
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LeMMA 2.1. If h € L, then |T*h| < *|h|.

Proof. Given he L, find se L, so that |s|=1 and that sT*h=|T*h|. Then,
forany peL?f,

f P|T*h| du = f psT*h du = f T(ps)-h du
< [ 125! 1H du 5 [+lps] 1] die

~ [-1h i = [pr1h] du,

meaning that |T*h| < 7*|h|.

Recall that a positive contraction 7: L, — L, partitions the measure space X
into two disjoint sets C and D, called respectively, the conservative and dissipative
parts of X, such thatif p € L, and p>0 a.e. then > 2., 7"p is infinite a.e. on C and is
finite a.e. on D [8], [3]. The transformation = is called conservative if u(D)=0.
A set A € & issaid to be (v-) invariant if 7L,(4)<L,(A), or equivalently, if 7*L,,(A4°)
=L(A°). It is known that C is invariant and the class .# of all invariant subsets
of C forms a o-field in the class of all (measurable) subsets of C [3]. Finally, if
heL, then 7*h=h a.e. on C if and only if 4 has an #-measurable restriction to C
[3]. In particular, *yc=xc a.e. on C, or equivalently, J' fdu= j fdu for all
SeLy(C).

LEMMA 2.2. If he L, is real valued and if h< v*h then h=1*h a.e. on C.

Proof. Let pe L, and p>0 a.e. If the conclusion of the lemma is not correct
then [ (S 7"p)(7*h—h) du=oco. But this means that lim,. [ p(7*"h—h) du=c0,
which is a contradiction.

LEMMA 2.3. Let A€ S and heL,. Then v*h=h a.e. on A if and only if xh
has an S -measurable restriction to C.

Proof. Since 4 is invariant, y,7*h=x,7*(x.h); and since C— 4 is also invariant,
XaT¥(xah) =xct*(xah). Hence yxcr*(xah)=xam*(xah)=xam*h=x1h=xc(xah), i.e.
7*(xsh)=x4h a.e. on C. Then the proof follows from the remarks preceding
Lemma 2.2.

LEMMA 2.4, Let A€ S and h € L. Then v(hf)=h-1f for all f € L,(A) if and only
if ™*h=h a.e. on A.

Proof. Let he L, and 7(hf)=h=f for all fe L,(4). Then fe L,(4) (=L,(C))
implies that | 7(hf) du=[ h1f du=[ fr*h du,i.e. h=7*h a.e. on A, since [ 7(hf) du
={ hf du.

Conversely let .# be the class of all L,-functions 4 such that #(hf)=hzf for all
fe€Ly(A). First note that if Be#, B4 and feL,(4) then 7(xzf)=xs7(xsf)
=xp7(f—x4-5f)=xs7f, which means that yz € .#. Since # is a closed linear
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manifold of L, it then follows that ./ contains any L.-function A such that
x4h has a F-measurable restriction to C. Hence, by Lemma 2.3, .# contains any
function A € L, satisfying 7*h=~h a.e. on A.

LEMMA 2.5. If he L, and T*h=h then t*|h|=|h| a.e. on C.

Proof. By Lemma 2.1, |h|=|T*h| < 7*|h|, and hence |h|=7*|h| a.e. on C, by
Lemma 2.2.

Finally we note an elementary result on integration.

LEMMA 2.6. Let f and g be two (measurable) functions on X such that [ (g—f) du
=0 and that |f|<g a.e. Then f=g a.e.

Proof. Since Re(g—f)=g—Ref20 ae., Re[(g—f)du=0 .implies that
g—Re f=0 a.e. and hence g=fa.e.

3. The main result. The representation of T to be given in Theorem 3.1 depends
on the following two lemmas.

LeEMMA 3.1. Assume that = is conservative and that there exists a function h € L,
such that h#0 a.e. and T*h=h. Let s=h/|h|. Then 7f=sT(3f) for any f € L, where
§=1/s is the complex conjugate of s.

Proof. First note that 7*|h|=|h| by Lemma 2.5. Also, it is enough to prove this
lemma for a nonnegative L,-function p. Now, if p € L{, then

[o- Wl du = [plh d = [sphds = [Tp)hd = [T di

and hence 7p=sT(3p) by Lemma 2.6, since |sT(3p)| =|T(3p)| < 7|5p| = 7p.

LEMMA 3.2. Let A € F be an invariant subset of C and assume that there exists a
JSunction h € L, such that h#0 a.e. on A and such that T*h=h a.e. on A. Let s € L,
be any function such that s=h/\h| a.e. on A. Then f=sT(5f) for all f € L,(A).

Proof. Since A is an invariant set, 7L,(4)<L,(4) and hence TL,(4)<L,(A).
Let 7, and T, be, respectively, the restrictions of 7 and T to the L,-space L,(4).
Also, for any function g on X, let g,=yx,g be the restriction of this function to A4.
Then, clearly, 7, is the linear modulus of T,, =, is conservative and T*h,=h,
with h,#0 a.e. on A. Hence the previous lemma applies and gives that 7,f=
5aT(54f) for all fe L,(A). Since 7,f=1f and T,(5,f)=T(3f) for such a function f,
this completes the proof of the present lemma.

THEOREM 3.1. Let T be a contraction on L and let + be its linear modulus. Let C
denote the conservative part of X with respect to T and let # be the o-field of invariant
subsets of C. Then there exists a set I' € £ and a function s € L ,(I") such that

@) |s|=1 a.e. on T and Tf=5+(sf) for any f € Ly(T),
(i) if A=C—T then (1—T)L,(A) is dense in L,(A), in the norm topology,

(iii) the partition of C into I" and A is unique (up to sets of measure zero),

(iv) a function r satisfies the properties stated above for s if and only if there
exists a function I=L,(T") such that |l|=1 a.e. on T, *I=1a.e. on I and r=sl.
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Proof. Let &/ be the class of all sets 4 € # for which there exists a function
he L, such that ##0 a.e. on 4 and T*h=h a.e. on A. Let v be any finite measure
on (X, &), equivalent to u, and a=sup {(4) | 4 € /}. Let 4; € & and lim,, , »(4;)
=a. Then A;=A3, A, 1=A4;,1—(Uk-1 4i), n=1, defines a sequence of pairwise
disjoint sets in &/ such that v(|Jy-; 4,)=a. Let I'=J>-; 4, and let s € L(I")
be defined as s=h,/|h,| a.e. on A4,, where h, € L, h,#0 a.e. on 4, and T*h,=h,
a.e.on A,

Then the proof of (i) follows immediately from Lemma 3.2.

For the proof of (ii), consider a bounded linear functional on L,(A) that vanishes
on (1-T)L,(A). If this functional is represented by (the restriction to A of) a
function h € L, then [ (f—TIf)h du=0 for all f€ L,(A), which means that h=T*h
a.e. on A. Hence, by the definition of I', /=0 a.e. on A. Therefore any bounded
linear functional vanishing on (1 —T)L,(A) vanishes also on L,(A). This proves (ii).

For the uniqueness of I" and A, first note that if B € # and B< A then (1 —T)L,(B)
is dense in L,(B), in the norm topology. Since the argument given in the preceding
paragraph is reversible, this means that if A€ L, and h=T*h a.e. on B then h=0
a.e. on B. It is then easy to see that this implies (iii).

Finally let r € L,(T") and |r|=1 a.e. on I'. Define / € L, (I") so that r=s/. Then
|I]=1 a.e. on I. To prove (iv) it is enough to show that Tf=r=(rf) for all fe L,(T")
if and only if 7*/=1 a.e. on T'. But 7+(rf)=35I(slf) and this is equal to Tf=35r(sf)
if and only if I(slf)=+(sf), or equivalently, if and only if =(Isf)=Ir(sf) for any

f€Ly(I"). Since any member g of L,(T") can be written as g=sf for some fe L,(T"),
we then have that Tf=F+(rf) for all fe L,(T") if and only if =(lg)=Irg for all
g e L,(T"). This is equivalent to the fact that 7*/=1/a.e. on I', by Lemma 2.4.

4. The general ratio ergodic theorem. The representation theorem given in the
preceding section can be applied to simplify the proof of Chacon’s general ergodic
theorem. It is known that in the special case of a positive operator this theorem can
be proved in a fairly transparent way [1]. It will be shown below that Theorem 3.1
enables one to reduce the general case to this special case.

We will start with a few preliminary lemmas and then recall the ratio ergodic
theorem for a positive operator.

LeMMA 4.1. Let {f,, n =0} be a sequence of (finite complex valued and measurable)
Sfunctions. Assume that for each >0 there exists a sequence {p,, n =0} of functions
such that lim,_, @, exists and is finite a.e. and such that [ {lim sup,_. . |f,— .|} du

<e. Then lim,_, ,, f, exists and is finite a.e.

Proof. Let o=limy_, o {SUpPy mzy [fn—Sfal}- Then 0= 0= 00 a.e. and to prove the
theorem it is enough to show that ¢=0 a.e., or equivalently that f o du=0. But
this follows from the fact that o <2 lim sup, ..« |f, —@nl-

LEMMA 4.2. Let A€ S and f € L,. Then lim,_, o, [, 7"f du exists.
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Proof. From the remarks preceding Lemma 2.2 it follows that [, g du=[, g du
for all g € L;(A). Also note that it is enough to prove this lemma for fe Lf. But in
this case the proof follows from [, 7"fdu=[, 7(xamf) du< [, ™*f du = [, f dp.

LEMMA 4.3. Let A€ £ and fe L,. Then lim,,_, , lim,_, jA T"(x4e™™f) du=0.

Proof. Since [, m™(x4m"f) du=[, 7"f du, we have that

[ e de = [ rpau- | v
A A A
Then the proof follows from the preceding lemma.
LEMMA 4.4. Let A€ S and fe L,. Then limy_, o lim,_ o [, 7|xaT™f| du=0.

Proof. This is a corollary of Lemma 4.3, since |y,T™f| < x| f]-

DEFINITION 4.1. Let S: L; — L, be an operator. A sequence {p,, n=0} of non-
negative (measurable) functions on X is called S-admissible if fe L, and |f|<p,
for some n=0 imply that |Sf|<p,.,.

It is easy to see that a sequence is T-admissible if and only if it is m-admissible;
in what follows, such a sequence will be called an admissible sequence. Note that
if pe L{ then {v"p, n=0} is an admissible sequence.

Also, if fe L, pe L} and n=0, we then let r,(f, p)=Ct-0 T/(C2-0 7*p), and
pu(fs D) =2k =0 71)/(Zk-0 7p), defined a.e. on {x | Sk, 7p(x)> 0}

A central result in the ergodic theory of a positive contraction 7 is the Chacon-
Ornstein theorem, which states that lim,, ., p.(f; p)=p(f; p) exists and is finite a.e.
on {x | Z¥-0 ™ p(x)>0} [7], [2]. It is further known that ycp(f; p) is #-measurable
and [, p(f, p)p dp=lim,_,, [, 7"f du for all A € # [3], [1]. More generally, if f € L,
and if {p,, n=0} is an admissible sequence then lim,_ ., {(3%-0 7/)/Ch-0 Pr)}
exists and is finite a.e. on {x | 2. px(x)>0}. This is a special case of Chacon’s
general ratio ergodic theorem [4], [5], stated below as Theorem 4.1. The proof of
this special case can be obtained [1] by a slight modification of a proof [2] of the
Chacon-Ornstein theorem. Finally, recall a lemma that is a basic step in the proof
of the results mentioned above. If f€ L, and p € L} then lim, ., , {(T*)/C2-0 7P)}
=0a.e. on {x | >, p(x) >0} [7].

LemMA 4.5. Let geL,, peL{, p>0 a.e. and let f=T"g—g for some m=0.
Then lim,, ,, r,(f, p) exists and is finite a.e. and it vanishes a.e. on C.

Proof. Since r,(f, p)=(T"*"g—g)/(Ck-o ™p) the existence and finiteness of
lim,_, , r,(f; p) follows directly from the remarks just preceding this lemma. In
fact this limit is equal to (—g)/(C*-o 7%p) a.e. Hence it vanishes ae. on C, since
e o Tp=00 a.e. on C.

THEOREM 4.1. Let T: L, — L, be a contraction and let {p,, n= 0} be an admissible
sequence. Then for any fe L,, im,_, », {(Ck-0 T )/(C2-0 pi)} exists and is finite a.e.
on {x | 2i=0 pi(x)>0}.
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Proof. Let peL,, p>0 a.e. be a fixed function. From the remarks preceding
Lemma 4.5 it follows that it is enough to show the existence and finiteness of
r(f; p)=1imn-ooo rn(.f’ P) a.e.

If fe Ly(T"), with the notations of Theorem 3.1, then Tf=3§r(sf) and hence
T*f=357%(sf) for all k=0, since s5=1 a.e. on I' € £ Therefore r,(f, p)=3p.(sf, p)
and the Chacon-Ornstein theorem gives the result.

If fe L,(A) and £>0 then, by Theorem 3.1, theregxists ge L,(A) so that if

¢=Tg—g then |f—¢| <e. Hence ry(f, p)=ru(¢, p)+r(f—4,p) and ry($, p) con-
verges to a finite limit a.e., by Lemma 4.5. Also, |r.(f—¢, p)| < p.(If—¢|, ) a.e.
Hence lim sup,.. |r(f—#, p)| Sp(lf~4l, p) ae. Since [ p(lf~@|, p)p du=
Jop(f—¢l, pp du=lim,_.., [, 7|f—¢| du<e, Lemma 4.1 (applied with the
measure p du) gives the result. In fact in this case lim,_ ., r,(f, p)=0 a.e.

From the last two paragraphs it follows that the theorem is true for any
feLy(C), since C=T+A.

To complete the proof, let fe L,. Since >7-, |T*f| £ 37-0 ™| f]| <0 a.e. on D,
it is clear that xpr,(f, p) converges a.e. Hence it is enough to consider ycr.(f, p).
Let ¢>0 and choose m =0, by Lemma 4.4 so that lim, ., [ 7"|xpT™f| du <e. Now
letting ¢=yxcT™f we have that r,(¢, p) converges a.e. and xcr.(f, p)=xcr($, p)
+xct(f—¢, p). To apply Lemma 4.1 we again have to estimate the integral of
lim sup, . |xcra(f— ¢, P)|- But xcra(f—¢, p)=xcr(f—T"f, p)+xcr(xpoT"f, p) and
lim, ., o xcr(f—T™, p)=0 a.e. by Lemma 4.5. Hence lim sup,_, « |xc2(f—¢, p)|

=lim sup,. [xcra(xoT"f; P)| £ xcP(IXoT™f], p), as before. Then

[ xep(xoT" 1, p)p die = lim | 7o d < o

and Lemma 4.1 completes the proof.
The limit r(f, p) whose existence has just been proved can be identified as follows.

THEOREM 4.2. Let s € L(T') (hence s=0 a.e. on I'°=X—T") be a function with
the properties stated in Theorem 3.1. Let fe L,, pe L;, p>0 a.e. Then for each
Ae S v(A)=lim,_., [,sT"fdu exists and defines a (complex) measure v on the
o-field #. This measure is absolutely continuous with respect to pn and its Radon-
Nikodym derivative with respect to p du is sr(f, p). More concisely, sr(f, p) is #-
measurable and for each A € #, lim,_, , [, sT"f du exists and is equal to

[ stz pp .

Proof. First we show that sr(f, p) is #-measurable. Note that if fe L,(C), then
r(f, p)=3p(sf, p) and sr(f, p)=xrp(sf; p), which is S-measurable. For a general
feL,, from the proof of Theorem 4.1 it follows that x.r(xcT"f, p) converges to
xct(f, p) as n — oo, in the norm topology of L,(X, &, p dr). Hence sr(f, p) is also
#-measurable.
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Now let 4 € £ Then [, sr(f, p)p dp=1lim, . » [, sr(xcT", p)p du. But

f st T, p) = j xep(sxeT™, p)p du = f ST du = f ST du
A A ANT A

and the remaining statements of the theorem follow.

To note another property of r(f, p) first we give two definitions.

DEerINITION 4.2. Let f,geL, and peL{, p>0 a.e. Then f and g are called
equivalent (f~g) if lim,_, , r,(f—g, p) exists and is zero a.e. on C.

Note that this definition is independent of Theorem 4.1, for it is not assumed
that the existence of lim, ., r,(f—g, p) is known. Also note that the Chacon-
Ornstein theorem implies that this notion of equivalence is independent of the
choice of pe Lf, p>0 a.e.

DEFINITION 4.3, If fe L, then M(f)=inf,.; | g| is called the minimal norm of /.
A function fe L, is called minimal if M(f)=|f]|-

THEOREM 4.3. Let fe Ly, pe L{ and p>0 a.e. Then xcr(f, p)p~f and xcr(f, p)p
is a minimal function.

Proof. First we show that r(f, p)=r(xcr(f, p)p, p) a.e. on C, or equivalently, a.e.
on I', since both of these functions are zero a.e. on A=C—T'. To this end it is
enough to show that if s € L,(I") is a function as in Theorem 4.2, then sr(f, p)
=sr(xct(f, p)p, p). Now, since both of these functions are .£-measurable, it is
enough to check that they have the same integral on each A4 €., with respect to
the measure p du. But xcr(f, p)p € L,(C), and this implies that sr(xcr(f, p)p, p)
= p(sxcr(f, p)p, p)=p(sr(f, p)p, p), as noticed in the proof of Theorem 4.1. Hence,
for each 4 € 4,

L sr(xer(f, P)p, P)P dp = L p(sr(f, P)p, p)p du
= lim [ r(, pp) s = [ 517, pp s,

where the second equality follows from the remarks preceding Lemma 4.5 and the
last equality from the facts that sr(f, p)p € L,(C) and that both 4 and C—4 are
invariant sets. Hence ycr(f, p)p~f.

To show that xcr(f, p)p is a minimal function we first show that |xcr(f, p)p|
<|g| or equivalently, |sr(f,p)p|<|gl for each g~f. But, since sr(f,p)p=
sr(g, p)p, Theorem 4.2 implies that lim,_ o [, sT"g du={, sr(f, p)p dp for every
A e It is then easy to see that lim,_ ., [ hsT"g du= [ hsr(f, p)p du for each .£-
measurable /4 € L,,(C), since the sequence sT"g is bounded in L,-norm. Now find
an J-measurable e L,(C), so that |h|=1 a.e. on C and so that hsr(f, p)=
|sr(f, p)|. This is possible, since sr(f, p) is #-measurable. Then, for this choice of
h,lim, . [ shT"g du=|sr(f, p)p| and hence |sr(f, p)p|| Slim inf, . o |shT"g| < |g]-

Now if g~ xcr(f, p)p then it is easily seen that g~ fand hence |xcr(f; p)p| < | gl-
Therefore ycr(f, p)p is a minimal function.



322 M. A. AKCOGLU AND A. BRUNEL [April

An immediate corollary of this theorem is
THEOREM 4.4. For any f € L, there exists a minimal function o~ f.

5. Minimal functions. As noticed before the equivalence and minimality of
functions are defined independently of Theorem 4.1 (and also, of Theorem 3.1).
It may be instructive to observe that Theorem 4.4 can also be proved directly from
the results of the ergodic theory of a positive contraction. This theorem then
provides a starting point to obtain Theorem 4.1 and Theorem 3.1.

In this section we would like to sketch such a direct proof of Theorem 4.4, since
it depends on a few results that seem intrinsically interesting. Before doing this,
however, note that Theorem 4.4 implies Theorem 4.1 in a rather straightforward
way. Let '€ L, be given and let ¢~ f be a minimal function. Then, for each n, m =0,
T"p~¢@ and ¥(T"p+ T™p)~ @, which imply that

T+ Tme)| = 3T 0l +T™0]) = |l
Hence, if E=\J2-, {x | T"p(x)#0}, then there exists a function s € Lo(E) such
that |s|=1 a.e. on E and such that T"p=35|T"p| for all n=0. Then one can see
that T"p=_57"|p|=57"(sp) and the existence of r(p, p)=35p(sp, p) follows. Hence

r(f, p)=r(p, p) +r(f—o, p) also exists.
We now start the proof of Theorem 4.4.

DEerINITION 5.1. For a fixed fe L, and for a given sequence {h,, n=0} of L-
functions, satisfying 0=h, =<1 for all n=0, we let

ay = hof, bo = (1—-ho)f,
a, = hnnn—l, bn = (1 _hn)nn—la n

v
>

and
% = holfl, Bo = (l—ho)lfl
Oy = hn"ﬁn-h Bn = (1 —hn)TBn—l, n L.

Note that |a,| <e,, |b,| =B, and also that J%_, [lex| + B8] = | f] for all 20,
as simple induction arguments show. Hence X7- @, =a and >7_, o =« exist a.e.
and also in the L,-norm. Also, |a| £ |«| <[ f]. It is clear that X%_, ax+b,~f,
since Tf~f.

LEMMA 5.1. If limy_, o lim,. o [ 7"Bn du=0, then a~f.

v

Proof. Let /=lim sup, .., |r.(f—a, p)|. Then for all m=0,
I = lim sup rn( Z ak—i-b,,,—a,p)l
k=0

m m
=< p( Z a,—a Z a.—a
k=0 k=0

Hence [, lp du<||3F-0 ax—a| +1im,_ o [, 7"Bm di, which can be made arbitrarily
small if m =0 is sufficiently large. Therefore /=0 a.e. on C.

, p) +p(Bm, P)-

)+ ollbul.P) 5 o
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LeMMA 5.2. If h,=xc for all n=0, then a~f.

Proof. In this case we can see that B,=yp7"|f|, since xp,7g=0 for any g € L,(C).
Then the proof follows from Lemma 4.3.

LEMMA 5.3. Given f€ L, there exists ' € Ly(C) such that f'~f and || f'| = | f].
Proof. This is a corollary of Lemma 5.2.

LeMMA 5.4. Let fi, fo€L,(C) and fi~fo~f. Let Ay€F, A;=C—A,. Then
XayS1+xazfa~ S
Proof. This is a consequence of the fact that if ge L,(C) and 4 €4 then

T"xag=x4T"g.
DEFINITION 5.2. For a real valued L,-function A we let UA=7A* —A~ [9].
Note that if A</ then UAZ Ul In particular (U™X)* £(U™)* for all n20.

LEMMA 5.5. Given f,ge L} there exists a sequence {h,,n=0} of L-functions
such that 0= h, <1 for all n=0 and such that

W= =B [UMT=E)])" = 8= 2 e
with the notations of Definition 5.1.
Proof. Follows by an induction on n=0.
Hengce, if {h,, 20} is defined as in Lemma 5.5, then 0<|a| S <g.
We now recall a maximal ergodic theorem for a positive contraction, involving
« and g.

THEOREM 5.1. If sup,zo 2i-0 7™(f—g)>0 a.e. on Ec ¥ then a=g a.e. on E,
with the same notations as above.

The proof can be found in [7], [2], [1].

LEMMA 5.6. Let f,geL{(C) and let [,fdus{,gdu for each Ae€S. Then
lim, .o [{U™(f—g)}*|=0.

Proof. We know that [, fdu=[, p(f, g)g du for each A e £, Since p(f, g) is
J-measurable, this means that 0= p(f, g)<1 a.e. Also, p(p(f, g)g, g)=p(f &).
Hence, if 0<A<1 is any number then sup,zo >r-o0 7°(/—Ap(f; £)g)>0 a.e. on
{x | o(f, 8)(x)>0}.

Now let a,, B, « be defined as in Lemma 5.5 for the functions f and Ap(f, g)g,
so that [U™(f—2p(f; g)g)]* =B, and [U™(f—Ap(f, £)g)1~ =Ap(f, )8 — 2k =0 -
Then 0= < Ap(f, g)g and also a=Ap(f, g)g a.e. on {x | p(f; g)(x) >0}, by Theorem
5.1. Hence a«=Ap(f, g)g. Therefore,

lim ] = I71=llell = I71= 12, £)g]l = A=N]S]-

Since |[{U™(f—g)*| < |B.| for each A, 0<A<1, the proof follows.
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THEOREM 5.2. Let fe L,(C) and g€ L} so that [, |f| du= [, g du for each A € 5.
Then there exists a~f so that |a| <g and that |a|| £ | f].

Proof. Let o,, B, be defined as in Lemma 5.5 for the functions |f| and g so that

O(f1-2)]* =B [UNf]-g)]- = g—éjo

Let a,, b,, a be the associated functions as in Definition 5.1. Then Lemma 5.6
shows that lim,_ . ||8,]| =0 and Lemma 5.1 gives that a~f. Then |a|Sa=<g is
clear.

Proof of Theorem 4.4. Let feL, and let f,~f be a sequence in L, so that
lim, , | fa] =M(f), the minimal norm of f. By Lemma 5.3 we may and will
assume that f, € L,(C) for each n=0.

We now define a new sequence g, as follows. Let go=/f,. Let

4, = x| p(lil, [&@)x) < BNC,  B;=C—4,.

Let gi=xa,/1+X5,80- Then by Lemma 5.4, g'~f and also, by the construction,
that {,|gi| du=[, |go| du. Hence, by Theorem 5.2 there is g, ~f'so that | g,| | go|.
It is also clear that | g, | = | A].

Continuing this process, we define

A, = {X I P(lf;tla lgn—ll)(x) < l}ﬁc, B, = C_Am gr'z = XA,,ﬁ»"'XB,.gn—l'

Then gn~f and |g.|<|/.] and also, [, |gn| du<[,|gn-1| dn for each 4 S
Hence there exists g,~f so that |g,| <|gn-1]|-

Therefore we now have a sequence g, € L,(C), n=0, so that g,~f, lim, . | g.|
=M(f) and Ignl = lgn—ll’ nzl.

It will be shown that g, is a Cauchy sequence. Let 0<n<m and let 20,,,(x) be
the angle between the complex numbers g,(x) and g,(x), with 0= 0,,(x)<=/2.
Then |gn—gn| 2|gnl sin Opn+[|ga| — | gnl] and [3(gn+8m)| =8| cOS Onm, as one
can see easily. But 4(g,+gn)~/, and this means that M(f)<{ |g,| cos 0,y dp.
Since lim,, [ |gn| du=M(f) we then have that [ | g,| sin 6,, du — 0 as n, m — oo,
n<m. Hence we see that | g,—gn| — 0 as n, m — 0.

Let lim,_, ., g,=, in the L;-norm. Then it is clear that |¢| = M(f). To complete
the proof it is now enough to show that ¢~f. But, if /=Ilim sup,. . |r,(f/— 9, p)|
=lim sup, .« |ry(gn—9, )|, then I=Zp(|gn—¢|, p) for each m=0, and hence
JIp du 2 | gn—o|, which shows that /=0 a.e. on C.

REFERENCES
1. M. A. Akcoglu, Pointwise ergodic theorems, Trans. Amer. Math. Soc. 125 (1966), 296309,
MR 37 #6434.
2. A.Brunel, Sur un lemme ergodique voisin du lemme de E. Hopf, et sur une de ses applications,
C. R. Acad. Sci. Paris 256 (1963), 5481-5484 MR 27 #2608.
3. R. V. Chacon, Identification of the limit of operator averages, J. Math. Mech. 11 (1962),
961-968. MR 26 #2883.



1971] CONTRACTIONS ON L,-SPACES 325

4. R. V. Chacon, Operator averages, Bull. Amer. Math. Soc. 68 (1962), 351-353. MR 26
#287.

S. , Convergence of operator averages, Proc. Internat. Sympos. Ergodic Theory
(Tulane University, New Orleans, La., 1961), Academic Press, New York, 1963, pp. 89-120.
MR 28 #4081.

6. R. V. Chacon and U. Krengel, Linear modulus of a linear operator, Proc. Amer. Math.
Soc. 15 (1964), 553-559. MR 29 #1543.

7. R. V. Chacon and D. S. Ornstein, A general ergodic theorem, Illinois J. Math. 4 (1960),
153-160. MR 22 #1822.

8. E. Hopf, The general temporally discrete Markoff process, J. Rational Math. Mech. Anal.
3 (1954), 13-45. MR 15, 636.

9. , On the ergodic theorem for positive linear operators, J. Reine Angew. Math. 205
(1960/61), 101-106. MR 23 #A3234.

UNIVERSITY OF TORONTO,
ToroNTO, CANADA

UNIVERSITY OF RENNES,
RENNES, FRANCE

UNIVERSITY OF MINNESOTA,
MINNEAPOLIS, MINNESOTA 55455



